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ARTHRITIC ARITHMETIC

| sent this Internet joke to my friend, John Hamisinventor of the Numdrum. He wrote
back, “I don’t know whether to laugh or cry.” Whid you think?

Last week | purchased a burger for $1.58. | handed tihéec&2.00 and started digging
for some change. | pulled out 8 cents and gave it tdSter stood there with $2 and 8
cents. She looked bewildered, holding the nickel anchBips, while looking at the
screen on her register.

| sensed her discomfort and tried to tell her to just ghe two quarters, but she hailed
the manager for help. While he tried to explain the transatditier, she burst into tears.

The incident got me thinking about how our kids werenliear math in school (or not).

Teaching Math In 1950: A logger sells a truckload of lunfbef100. His cost of
production is 4/5ths of the price. What is his profit?

Teaching Math In 1960: A logger sells a truckload of lunfbef100. His cost of
production is 4/5ths of the price, or $80. What ispnit?

Teaching Math In 1970: A logger exchanges a set "L" of luntrea et "M" of money.
The cardinality of set "M" is 100. Each element is worth doléar. Make 100 dots
representing the elements of the set "M." The set "C," theo€psbduction, contains 20
fewer points than set "M." Represent the set "C" as a subset 'M." Answer this
guestion: What is the cardinality of the set "P" of psdfit

Teaching Math In 1980: A logger sells a truckload of lunfbef100. His cost of
production is $80 and his profit is $20. Your assigntmenderline the number 20.

Teaching Math In 1990: By cutting down beautiful foreses, the logger makes $20.
What do you think of this way of making a living? Topor class participation after
answering the question: How did the forest birds aniti=ds feel as the logger cut down
the trees? (There are no wrong answers)

Teaching Math In 2000: A logger sells a truckload of lunfbef100. His cost of
production is $120. How does Arthur Anderson deterrthiag his profit margin is $607?

Teaching Math in 2005: El hachero vende un camion cargdldr. La cuesta de
production es....

Whether that joke is funny or not depends on howtemally involved you are with the
deplorable state of education going on in our stlsgetems. If you are one of those
people who have trouble spelling words or balangiogr checkbook, then you probably
think it is normal for a high school or college dwate to struggle with such problems..

We are all thankful, of course, that our numbersggtem came from Arabia instead of
Rome. How would you like to find the sum of Xl @&MCIXIV?

Then why can’t our children count change, balanceheckbook, keep track of their
credit card debt, or understand how a mortgage s@fhey did not learn the best way to
use the numbers we got from Arabia. It is a fhett tother countries—notably India,



Switzerland and Germany—produce mathematicians eeendbrilliant. Could it be that
we were just taught a different system? When wkeb@hind our European friends in
education, what is our thought pattern? Rather Haging, “Let’s find out what they are
doing differently and do the same thing,” we tenorenoften to assume such people are
brilliant. We simply cannot accept the premise timatybe—just maybe—we made the
process too difficult.

Please permit me one absurd example that still smake laugh. Several years ago the
United States decided we should base our measutemerthe decimal system, as they
do in Europe. We immediately set out to teach dwaily how to convert inches and
yards into centimeters and meters, as if that weeessary. People rebelled, as they
should, at such nonsense. All we needed to do ved® mew containers, new mileage
indicators. No problem. We did not need to know howconvert; we only needed to
convert and move forward. Instead, we have butkslissue for decades under a cloak
of—dare | say it?—ignorance.

As a computer programmer a few years ago, | wasdaoted to the first of the Indian
experts who arrived here to do software developnianiny estimation, of course, they
were brilliant. (Yes, | was guilty of operating werdhe same false paradigm, that | was
somehow inferior.) Some of you may remember that dhace programs of both the
United States and the USSR were successful onlgugifr the efforts of German
scientists who escaped their Nazi tethers after W\Whe Theory of Relativity was put
forth by a German Scientist. And if you remembat tera, you also remember a time
when we thought all the genius rocket scientistseccom Germany.

If your child is failing in math and you have theney, you can send him or her to the
Mathematical Institute in Zurich, Switzerland. Upaturning from there, your child will
be able to perform feats of wizardry you cannotgma. The school was founded by the
late Jakow Trachtenberg, a Russian. When commurest® to Russia, is 1917, young
Trachtenberg fled to Germany. In 1934, he was fbrte flee from Germany to
Yugoslavia. Hitler's Gestapo agents caught up \with there and sent him to one of the
most ruthless concentration camps. To survive, fteadberg retreated into his private
world of mathematics, where he developed a waytbasic math without paper. Finally
successful in an escape, he fled to Switzerlandr& he perfected his system, taught it to
children, and started his school.

“As these youngsters became proficient in handfinmbers they achieved a poise and
assurance that transformed their personalities and they began to spurt ahead in all their
studies. The feeling of accomplishment leads tatgreeffort and success.{ltalics
mine.)

This observation is a common theme among the sisbjdceme Ed recommends. It is
vital for a child to accomplish something quicklyis vital for a child to gain a sense of
self-worth by being successful at something early.

" The Trachtenberg Speed System of Basic Mathematics, trarstatediapted by Ann Cutler and
Rudolph McShane. 1960. Doubleday &Company, Inc., Gardsn IS&w York



There is a relatively new system of mathematictedaVedic Math that claims to be a
recent discovery of ancient Vedic teachings. Thaitrc may be true, but | have found
Vedic math to be remarkably similar in function tbhe Trachtenberg system.
Trachtenberg’'s schools were operating for yearsrbeYedic math was “discovered.”
Before Trachtenberg started his school, before 1@2&n my father left school to help
support his family, he had been taught “head mathschool. Regarding basic math
education, then, | tend to agree with the adageefd is nothing new under the sun.”

Vedic math is similar to the Trachtenberg systeut,ibis presented in a different way.
Other recent arrivals to the “math education” ganwude the “lattice” system and the
Kumon system from Korea, both of which are beingdtin the United States. Not so
many years ago parents were dismayed when thédrehilearned “base 8” or “base 16”
math. My own approach surely bears similaritiesTrachtenberg and Vedic math,
because some similarity cannot be avoided. Like“bead math” my father learned,
however, my presentation is easier to understaaudl tte others, and less confusing.

The systems | have mentioned all have one thirmpmmon. They all try to explain how
their system works, using complex algebraic forrautademonstrate. That is fine if you
are a math major. You can look up the informationtlze Internet, or buy the book on
Trachtenberg system if you want to understand rtatthat depth. If you just want to
teach a second grader how to do long addition, kiewyeg/ou don’t need that explanation
any more than we need to convert pounds to liteke. transferring to the metric system,
you need to just do it. You need this book.

The approach | have taken is very simple. For esattion—addition, subtraction,
multiplication and division—the instructions aresgdo understand.

* Here is what you need to know before you startghadion.

* Here is the way it works.

Speed math, or head math, is easy to learn andestmplo. With practice, you will gain
speed. With practice, you will reduce workspacethWiractice, you may even revive
head math as the popular pastime it was nearly&afs ago.

There is a tactile early math tool that | recommedsigned by John Harrison, it is
called Numdrum and is an ingenious way to introdyoeng children to numbers,

including addition, subtraction and multiplicatitables. You may learn more about it at
www.numdrum.comThe following section will provide a brief intradtion to that tool.

If your reaction is “Why didn’t | think of that?”qu are not alone. In my opinion, the
simplicity and power of Numdrum is the stuff of gen




USE NUMDRUM,
PRE-SCHOOL THROUGH GRADE ONE

The Numdrum was originally conceived as a simptetaiadding and subtracting double
figure numbers for a particular 8-year-old who Wwasing trouble. Since that time it has
quickly evolved into a powerful visual aid for evpre-school children.

Numdrum consists of a number line from zero to 488&)nd round a tube. There are ten
numbers per turn of the tube. The resulting appearés similar to a number square, in
that vertical movement is in jumps of 10, horizémt@vement in units.

There is a version of the Numdrum called a Numtimaft is more appropriate for pre-
school and kindergarten. It is a larger tube, vietger numbers from O to 30. Early
concepts about numbers can be taught using Numfimgirg a number, or counting up
and down, some concepts of adding and subtraciiigen a student begins with
Numring and graduates to Numdrum in first graddf, the job is done!

The important difference between the Numdrum amerovisual aids used in the early
grades illustrate the value of Numdrum.

In the beginning there is the number line. It seeyaserally agreed that this simple
model is a good starting point to introduce the hansystem, showing its continuity and
indefinite extendibility. It lacks structure, howesy and gets unwieldy as numbers grow
larger. Numbers grow larger as they progress feftrtd right.

The next step in the presentation of numbers iallysthe number square, with three
obvious flaws.

1. Numbers progress downward with increasing valuentragy to accepted
mathematical convention.

2. Numbers usually finish at 99, preventing childresni observing the transition from
two the three digits. For a young child, movingnfréwo to three digits is a trauma
trigger.

3. The numbers are arranged in individual lines. Theneo obvious place to go at the
end of a line. Young children must find the corrget to go to next, and this is often
a cause for errors in judgment at this age.

Created in 1999, and already quite popular in GRyéhin, the Numdrum provides
children with visual reinforcement of all the carteoncepts and none of the flaws.

1. The numbers progress in an upward direction witheiasing size. This conforms to
established mathematical convention, and avoidsctrdusion that children face



when they come to draw graphs and bar charts. ©mNtimdrum, each succeeding
number is truly higher than its predecessor, fgranild to see.

2. The numbers continue well above 100, avoiding theréssion given by the number
square that there is some invisible barrier at®frevent numbers higher than 100
being displayed. Thus a major hurdle faced by falldeen is avoided when they go
from two-digit to three-digit numbers.

3. The Numdrum has no edges to form an obstacle whanting between 9 and 10.
Unlike the number square, there is no boundary &etw9, 10 and 11. Numbers
progress smoothly upward from 0 to 139. There iSnmeoto find.

Together, these three concepts build a powerfukrstdnding of how numbers work.
The net result is that children learn the propercepts faster, with no conflicting mental
baggage to hold them back.

But there is more, much more, to Numdrum.

Find a Number

Finding a number is the first challenge for childré&Suggest a number and have the
children raise their hands when they have foundfier a few tries, a few hands will go
up quicker than others. Ask, “Who knows a good ¥eafind numbers quickly?”

One of those whose hands were raised early wildlysdescribe the concept you want
them to learn. “Look for the number ending on tloé&dim row of the Numdrum and then
move up the column until you find the number.”

Soon everybody in the class will be able to locatenbers quickly. They have learned

how to count by tens, without you, the teachelingithem how to do it. It's just a game
to them, a discovery process, but they understamddancept.

Addition

Try simple addition problems, adding single digits.

Choose the number 6. Have the children add thrésatonumber by starting at the 6 and
counting to the right one, two, three. They shallde pointing to the 9.

This much is similar to the number line. But itpdahere. Now you start with 26. Add
three to 26 by counting to the right one, two, éhréhe sum is 29. Your students have



just learned that adding single digits to a nunmibaro more difficult when there is one
digit or two digits.

How about finding 126? Add three to get 129. Casytstill do that? Of course. To add
three, count three to the right.

The second hurdle is to pass the 9. Let’'s sdeeif tan start with 8 and add 6. Someone
must tell you that to add six you count to the rigilt times. Starting with eight, they will
think or say as they count, “one, two, three, fdiwe, six,” but they will be pointing to
the numbers 9, 10, 11, 12, 13 and 15. They hawedffartlessly passed into the teens by
following the rule of addition. While they may nbé ready to add double digits, they
should understand that adding six to anything meguthem to begin at the starting
number and count to the right six numbers.

When you begin to teach double digits (or triptegre is another concept your students
must learn. Again, it is easy and intuitive withrNdrum, and there is no visual barrier
when you cross into the next decade.

Choose the number 28, for example. Let's add 1thab number. First, starting at 28,
count to the right ten numbers. When the studdnis & 38, make sure they understand
that it is one column above the 28, where theyestaf8, 38, 48, all go up 10 at a time.

Now let’'s add 40 to our starting number of 28. Hdovwe do that? The left number tells
you how many columns to move up—four. At the fouctilumn above 28 the student
will find 68. They should understand that 4 + 2 =efen when they are in the tens
column. With this visual confirmation, such probkeare easy.

Another easy concept to teach with Numdrum is engsdecades. Starting with 28 again,

let's add 34. Your students should tell you thatl yeould add 30 by counting up three

columns. Then you would add the four by countinghright four more numbers. When

they correctly find first 58, then 62, they will & successfully passed another major
hurdle with ease.

Of course, first graders will not fully grasp thencepts without a lot of practice drill.
Numdrum makes that a fun thing to do.

Problems that will not exist when you use Numdruithlve the transitions from single to
multiple digits, from double to triple digits, acdnflicts between up and down.

Before you can work with long addition, your chédrmust be able to correctly add up to
10 + 9 and subtract 11 from any number in the rarigd to 19.



Subtraction

After children learn addition, subtraction is eagyh Numdrum. Children must simply
understand that to add, you count up the columm®wnt up to the right; to subtract, you
count down the columns or count down to the lefjaiy, with practice, students will
learn quickly and without trauma to subtract nursbtrat pass from one decade to
another.

When children can subtract a number from 10, theye@ady to move to larger problems.

Multiplication

Learning the multiplication tables with Numdrumegually fascinating for children. In
the beginning, of course, we add 3 to 3, then toth&n to 9. When we teach
multiplication, however, we are going to mark thembers with a dry erase marker.
Mark the 3, add 3 and mark the 6. Mark the 6, &deet and mark the 9. When you have
completed the table for 3, you will have highlightthe numbers 3, 6, 9, 12, 15, 18, 21,
24 and 27. The visual confirmation will permit ymuthen count up by threes. If you start
at 3 and count each mark to the right, the secaatk s 6, the third is 9, the fourth is 12,
and so forth.

Before you leave the table of three, consider jpagnout that when the numbers reach
30, the digit sequence begins again—33, 36, 3%4482etc. In fact, any concept you can
teach now, using Numdrum, will make later instrocteasier.

Some multiplication tables will exhibit interestipgtterns on Numdrum that can open up
new realms of thought for your students to prephem for higher mathematics. For

instance, the table on 9 will illustrate that thembers progress up one column and left
one digit: 9, 18, 27, 36, etc. This is another ingnat concept for children to learn, and

again they learn it while doing something else.

People who work with numbers often transpose thehat-its, look at 74 and write 47.
This causes an error that is often very difficalidcate, since both numbers are present
visually, but the result is different. Accountarksow when they are looking for a
transposed number. When an account is out of balagt accountant will typically
subtract the two numbers that don’t agree to fiatdhmw far off the numbers are. In this
case, 74 — 47 is 27. Since 27 is evenly divisigi® bwe can be certain that two numbers
were transposed. Any number evenly divisible by the accountant’s clue.

When your students learn that the table of nineslwes these complimentary numbers,
they have taken a step to understanding how niroek. iHow nines work will become
very important later, when we learn to check owbpgms for accuracy. If you are a math
teacher, you may be familiar with the techniquéechtcasting out nines.” If not, read on
to find out how this is used.



Visually, the table of 8 also gives us some cl&46, 24, 32, 40, 48, 56, 64, 72, 80. The
tens still go up one column, for the most part, the digits drop by two each time.
Visually, Numdrum will show the same digits foulwmns higher—8 and 48, 32 and 72.
Adding by eight or counting by eight becomes eabgnva student grasps this concept.

The tables of 2, 4, 5, 8 and 9 provide patterns$ #na visually easy to confirm with

Numdrum. Tables for 3, 6 and 7 are more difficaltsee.” For 7, however, it is still easy
enough to count the “times” 7 has been added tohr¢lae marked number. Count 2,
you're at 14. Count 3, you're at 21—and you renyoadr students that 7 times 3 is the
same as 3 times 7. When they have already leahgethbles up to 6 or 7, it is only the
higher numbers that are a problem—=6 times 6, ho8% 7 times 7, 8 and 9.

Tables of 11 and 12 again provide interesting padgte¢hat visually help students learn
them. Beyond that, we are moving into long multation and division, where you
should learn to follow the rules given later instbiook.

The following sections are based on Trachtenbemgglid/ or my dad’s “head math”
concepts. Whenever children are ready to perfomg kddition is the time to teach it. |
cannot tell you when that will be, because eactiestuand each classroom is unique. If a
student has used Numring in pre-school, he mayebdyrto do long addition midway
through first grade. If none of the Numdrum sehas been used by first grade, students
may not be ready to do long addition until midwhagotugh second grade.

Many other activities and games can be performezhbanced by using the Numdrum as
a visual aid. Please visit John Harrison’'s web sitevww.numdrum.comfor more
information, or to order a set of Numdrums for yalassroom. You and your students
will be glad you did.
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BASIC MATH,
GRADES 2 AND UP

As a child, even into my teen years, | was conbtarhazed at how well my dad could

do math in his head. He would attempt to explasgteps to me, but they were beyond
my comprehension. To pass the time on a long dforejnstance, he would calculate

something in his head. There were no car radios @Dcell phones in those days. We
created our own distractions.

A typical example | remember well was, if you hady, $300,000 in the bank and it
earned 5% percent interest, how much money woald e able to spend every day
without touching the principal? Can you do thatyour head? Another one was, if |
finance something—a house, a car, a refrigeratom—mach will | pay in interest over
the course of a year’'s time? What will the actuzdtde after 5 years, or 20 years, of
making payments?

There were practical applications, too. Dad trayetehis work. He would compare the
real cost of a new car, weighing the differencesm@grvarious options—amount of down
payment, trade-in amounts, or the slight variationsnterest amounts that went with
each option. Before the salesman could do it orepapy father would know what the
“real” cost of that car would be, and he would havede an informed decision about his
purchase options. He did have an advantage hecaube these were days long before
the luxury of calculators, and the salesman hatbthis figures on paper.

But are you ready for this? My dad did not graduaben high school. In fact, he left
school in grade 10. As the eldest of six childriea,had to quit school to help earn a
living for the family. He had thus learned this daemath” before he reached grade 10.
Maybe that makes you feel a little inadequate, @sflg if you're a math teacher or a
college student who can't do that kind of math auryhead. Here’s news: you are smart
enough; it's the educational system that has letdown big time, not your brain. The
good news is, it's not too late to change.

Today there are several so-called “new” systemstieéatmath, Vedic math, Kumon
math—that all seem to bear a strange resemblancee®f the earlier methods. | know
that neither my dad nor Jakow Trachtenberg usditdatvVedic or Kumon math, so |
approach these so-called “new” systems with hekgpscism. Like the reading
“systems,” the new methods seem to be more abokinmanoney and selling books
than they about teaching children.

What follows is a blending of styles and a simphafion of the basic mathematics
process. You do not need four ways to multiply, boé. Instead of presenting all the
options, as other systems have done, | have sélpdeone way that works all the time
with a minimum of exceptions. That is the appro#ut was taken in my dad’s head
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math book. Later on, you can learn the “short catsd tricks if you wish. First you need
to find, and master, one technique that always sork

The new systems all seem to have a need to “eXplaw their methods work by
providing complex examples in algebra to explairtlapproach. Dad’s book didn’t do
that. Neither will this one. What you will get balas enough information to understand
and apply the rules, and several examples. Agamcan learn the rest later, if you wish.
It has no place in early childhood education.

The examples | have provided will not make you ahmahiz. Both you and your
students will require many such numbers if you tarachieve any success at speed or
head math. Drill with your own problems. | give ythe knowledge of 1) how to solve
long or large math problems, 2) examples that ohelall the exceptions you will
encounter, and 3) a way to check your work for emcyr Armed with this information,
you can make up your own problems. You are alloweedse a calculator, but only to
check your work. Otherwise, work to do as muchoarymind as you can remember.

You may realize immediately the value of using Nuoumd early and then this system for
basic arithmetic, as your students outpace th&rgyd.ater, as you follow their progress,
you can expect your students, whose early experigvith numbers was positive and
successful, to forge ahead when faced with newlarhges, because you gave them the
confidence they needed to do that. Either way, wal be rewarded and pleasantly
surprised by your choice to teach arithmetic theg w
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Add columns of any size numbers

Without ever adding more than 9 + 9 you will soandble to add any list of numbers

very fast. Some people find the answers as faanhather person can enter them into a
calculator. First we will learn the rules with soe&sy problems. Later on we’ll describe

how you should think when you tackle addition pesbs. In the end, you will be able to

do speed addition problems in your head.

If you already know long addition, you will undeastl how the rules work—almost. The
fact that this system differs from what you knownlsat makes it work better. How you
think as you work on a problem will increase yopead and accuracy. It will also permit
you the luxury of gradually reducing your noteswmrkspace as you commit more and
more of the process to your memory. The rules,,thenprimarily for those who are just
starting out, until we get to the “head math” stage

We will be adding one column at a time. We will megith the column to the right. For
teaching purposes only, we will label our columis.we teach each rule, the part of the
problem it refers to will be printed in bold reggface.

RULES
Start by adding any carry from the column to thyti

When you reach or pass 11:
Put one tick () in front of that number. (Latgou may count ticks on fingers.)
Remove the tens digit from your count.
Reduce the ones digit by one. (The net resultesd¢hwo: subtract 11.)

To total each column, add:
The ones digit.
The ticks from that column.
Ticks from the column to the right.

Now let's see how that works. We will start withsggroblems until we understand how
the rules apply. Then we will add more complex peots. Third, we will show you how
to “think” as you work on a problem. Finally, wellshow you a way to verify that you
have a correct answer.

The following problems will help you to understamolw the rules work. In the beginning
the rules will seem to be holding you back, butrsgou will discover that they help you
to keep things straight in your mind. The rulestares structured to help you achieve the
mental agility you need to accomplish head math.

13



A B You know the answer to some of these easy problentsout A B
5 following the rules, but let's see how they work+5 is 10. We did 5
5 not reach or pass 11, so the first part of thesrale not required. We 5

did, however, reach the bottom of the column, sonmest total it. 1 o
Write the units digit (0) and carry the tens di{di} to the next column.
It is important to understand that we are finishgith column B, on the right. Column A
has a zero in it, so when we add the carry thé total is 1. That completes this problem;
the sum is 10.
See how the rules work with minor variations.
A B 5+ 6 =11. Because we have reached 11, the redpsre ustoadda A B
5 tick (°) to the number 6; remove the tens digiavieg 1; then reduce 5
"6 the units digit by 1, leaving zero (0). (You couddld a tick and 6
subtract 11 if that's an easier rule to follow.pfrthe problem above, 0
you know, of course, that zero is not the correginber for that 1
column, but now we are going to follow a rule ttatdhat column. In this case, 1 1
the rule may seem more difficult that it needs &g lut bear with me; it is this
very rule that will make it possible for you to somcrease your speed and commit to
memory the steps of a problem.

AN

To total column B, add the tick to the zero. Theafianswer will be one (1).

As an older person, it may be difficult for youswitch your thoughts to these new rules;
again, bear with me and you will soon understaeditsdom of this system. You expect
to add this problem in the same way you added theiqus one; 5 + 6 = 11, write the
units (1) in the right column and carry the tenst@lthe next column. A long column of
numbers can become very cumbersome, however. Byiolg this new rule now, you
will make it much easier to do columns of any smenbers and there will be no
exceptions to the rules to confuse either you ar gbudents.

Okay, I'm done preaching. We have a total for thkeimn on the right, zero (0) + 1 tick
= 1. Write the 1. There is nothing to carry to tiext column.

To find the sum for column A, add the zero (0) #melone (1) tick from the column to
the right. There was nothing to carry this timendfisum is 11. We have achieved the
correct answer by a slight adjustment of the faanilules.

A One more variation. This time, 6 + 6 = 12. We pdskk so add a tick, A B
remove the tens digit (1) and reduce the ones (igitl = 1). We are
again ready to total the column. 1 + 1 dot = 2.r€lege no columns to

the right of this one, so write the 2 and we anesfied with column B. i

oo™

Again there is no carry, and column A contains imghadd the tick from the 1 2
column to the right and that total is 1. Write éldw that column.

14



Now let’s increase the difficulty slightly.
A 3 +9=12. We passed 11, so add a tick, removéetiedigit (1) and 5
reduce the ones digit (2 — 1 = 1). Since we hateaaxched the bottom
of the column, we continue with one (1) as ourtstgrpoint. 1 + 8 =

9. To total the column, we add one tick below th&@®e final column
total is 10. Write the zero (0) under column B @adry the one (1) to—7 g~
column A. Starting with the carried one (1), we atd single tick
from column B, on the right, for a total of 2. WWrithe two (2) under column A.

0 © w®

B
3
9
8

2 0

A B 4+9=13. We passed 11. Add tick, remove teng ¢liyj reduce ones B
4 digit (3—1 =2) and continue. 2 + 9 = 11. Add{ficeduce 1 to zero 4

"9 (0). Ready to total the column. Zero (0) plus t&pt{cks = 2. No ‘9

"9 column to the right, so 2 is the correct final tdta column B. ‘9
Nothing to carry this time. For column A, start lwvitzero (0). O + two 0

(2) ticks from column B, to the right, gives a safi2. Write that >
number below column A. The sumof4 + 9 + 9 is 22. > 5

With these few rules in place, it is time to loakseme long addition problems. Long
columns of numbers may be added by using the sates. in the process, you will see

how the rules work to keep any problem of addigsneasy as these first examples have
been.

15



Example 1

Beginning with this example, the description of grecess will be simplified somewhat
and the process for each column will have its ovaphic display.

A B Column B
7
'5 7 +5=12. Tick, reduce to 1.
8 1+8=09.
2 9 + 2 = 11. Tick, reduce to zero (0).
6 0+6=6.
3 6+3=09.
9 Total:
2 9 + 2 ticks = 11. Write 1, carry 1
1
A B Column A
7 Carry (1) + two (2) ticks from right column = 3.
5 Write 3.
8
2
6
3
1 9
2
3 1

The next examples will add more columns.

16



Example 2
A B C Column C

3+5=8.
8 + 7 =15. Tick, reduce to 4

gl ©

Total:
4 + 1tick =5.

gl &~ 0w

Column B
9+1=10
10 + 5 = 15. Tick, reduce to 4.

Total:
4 + 1 tick from this column = 5.
5 + 1 tick from the column to the right = 6.

ol pld,o0®
gk MM~ wO

Column A

Total:
1 tick from the column to the right = 1.

CDI—‘-bU'fl—‘@m
gk, M~ w O
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Example 3

A Column D

7 +3=10.

10 + 9 = 19. Tick, reduce to 8.
8 + 6 = 14. Tick, reduce to 3.

woo T
NO oo

Total:

gl wlo o w~TO

3+ 2ticks=5

Column C

8+ 9=17. Tick, reduce ta 6
6+0=6.
6+2=8.

woo D

Total:

R~ oo oo
g wlo Y w~ O

8 + 1tick=9.
9 + 2 ticks right = 11. Write 1, carry 1

Column B

4 + carried 1 = 5.

5+ 6 =11. Tick, reduce to 0.
0+5=5.

5+3=8.

Total:

Ol ®lwuvo »T
Rk oMo
gl wlo o w~0

8 +1tick=09.
9 + 1 tick to the right = 10.
Write O, carry 1

Column A
Carried 1

Total:

Carried 1 + 1 tick to the right = 2.
Write 2.

ol ®wurno s~
Rk oMo oo
gN wlo © w~ 0O
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Example 4

Now add a section or the right to show how to thiimish something, then forget it.

A B C D
3 4 5

6 2 7

1 3 8

3 9 2 4
3 7

9

2

1

A B C D
3 4 5

6 2 7

1 3 8

3 9 2 4
3 7

4 9

1 2

7 1

A B CD
3 4 5

6 2 7

1 3 8

3 9 2 4
3 7

8 4 9

1 1 2
0 7 1
A B C D
3 4 5

6 2 7

1 3 8
39 2 4
3 7

4 8 4 9
1 1 2

5 0 7 1

Column D

5+ 7 =12. Tick, reduce to 1.
1+8=09.
9 + 4 = 13. Tick, reduce to 2.
2+7=9

Total:
9 + 2 ticks = 11. Write 1, carry

Column C

4 + carry = 5.

5+2=7.

7+ 3=10.

10 + 2 = 12. Tick, reduce to 1.
1+3=4,

Total:

4 + 1 tick = 5.

5 + 2 right ticks = 7.

Column B

3+6=09.
9+1=10.
10 + 9 = 19. Tick, reduce ta 8

Total:
8+ 1tick=9.

9 + 1 tick right = 10. Write O, carry 1.

Column A

3+carried1=4

Total:
4 + 1 tick right = 5.

19

Think...

5

12, tick, 1
9

13, tick, 2
9

1
Carry 1

5

7

10

12. tick, 11
4

5
7

9
10
19, tick, 8

9
10, zero, carry 1



Example 5

A

o oo o1

woahnNnO

oo o @

D Wk, NMoWwO

Ok wlwasnn O

Al Wk, NNOwO

NN Moo @

Ol wwasnO

NP W, NN wO

NN RMNoOoOWoo W

Ok wwasnpO

AP Wk, NNOwO

Column D

3+ 8=11. Tick, reduce to O.

0+2=2.
2+1=3.

Total:
3 + 1 tick = 4. Write 4.

Column C

2+4=06.

6 +5=11. Tick, reduce to O.

0+3=3.
Total:

3 +tick = 4.
4 + 1tick right = 5. Write 5

Column B

5+ 6 =11. Tick, reduce to O.

0+9=09.

9 + 6 = 15. Tick, reduce to 4.
Total:

4 + 2 ticks = 6.

6 + 1 tick right = 7.

Column A

Total:
2 right ticks = 2

20

Think...

11, tick, O
2
3

6
11, tick, O
3
4

5

11, tick, O
9
15, tick, 4

6.7



Example 6

For our final example of long column addition, $egiet extreme, just to lock into your
mind how easy this system is compared to the toewdit way you do math.

A B C Column C Think...

7 9 9

5 '8 9+ 8 =17. Tick, reduce to 6. 17, tick, 6
6 9 6 + 9 = 15. Tick, reduce to 4. 15, tick, 4
2 7 4 +7 =11. Tick, reduce to 0. 11, tick, O
3 6 0+6=6. 6

5 '8 6 + 8 = 14. Tick, reduce to 3. 14. tick, 3
9 7 3+7=10. 10

9 5 10 + 5 = 15. Tick, reduce to 4. 15, tick, 4
7 4 4+4=8. 8

7 7 8 + 7 = 15. Tick, reduce to 4. 15, tick, 4
5 7 4 +7 =11. Tick, reduce to 0. 11. tick, O
9 5 0+5=5. 5

5 3 5+3=8. 8

8 5 8 + 5 =13. Tick, reduce to 2. 13, tick, 2
4 2 2+2=4, 4

5 9 4 +9 = 13. Tick, reduce to 2. 13, tick, 2
9 9 2+ 9=11. Tick, reduce to 0. 11, tick, O
7 5 0+5=5. 5

6 4 5+4=09, 9

8 3 9 + 3 =12. Tick, reduce to 1. 12, tick, 1
9 5 1+5=6. 6

3 1 6+1="7. 7

8 8 7 + 8 = 15. Tick, reduce to 4. 15, tick, 4
7 9 4 +9 = 13. Tick, reduce to 2. 13, tick, 2
9 7 2+7=09. 9

8 9 9 + 9 = 18. Tick, reduce to 7. 18, tick, 7
6 6 7 + 6 = 13. Tick. reduce to 2. 13, tick, 2
4 7 2+7=09. 9

8 9 9 + 9 = 18. Tick, reduce to 7. 18, tick, 7
6 8 7 + 8 = 15. Tick, reduce to 4. 15, tick, 4
5 4 4+4=8. 8

8 8 8 + 8 = 16. Tick, reduce to 5. 16, tick, 5
7 4 5+4=09, 9

5 6 9 + 6 = 15. Tick, reduce to 4. 15, tick, 4
9 8 4 + 8 =12. Tick, reduce to 1. 12, tick, 1
7 9 1+9=10. 10

10 Total:
20 10 + 20 ticks = 30. Write 0, carry 3 20, 30, O carry 3
0
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Column B Think...

Carry3+7=10 10

10 + 5 = 15. Tick, reduce to 4. 15, tick, 4
4 +6=10. 10

10 + 2 = 12. Tick, reduce to 1. 12, tick, 1
1+3=4. 4
4+5=09, 9

9 + 9 = 18. Tick, reduce to 7. 18, tick, 7
7 + 9 =16. Tick, reduce to 5. 16, tick, 5
5+ 7 =12. Tick, reduce to 1. 12, tick, 1
1+7=8. 8

8 + 5 =13. Tick, reduce to 2. 13, tick, 2
2+9=11. Tick, reduce to 0. 11, tick, O
0+5=5. 5

5+ 8 = 13. Tick, reduce to 2. 13, tick, 2
2+4=6. 6

6 +5=11. Tick, reduce to 0. 11, tick, O
0+9=09. 9

9 + 7 = 16. Tick, reduce to 5. 16, tick, 5
5+ 6 =11. Tick, reduce to 0. 11, tick, O
0+8=8. 8

8 + 9 =17. Tick, reduce to 6. 17, tick, 6
6+3=09. 9

9 + 8 =17. Tick, reduce to 6. 17, tick, 6
6 + 7 = 13. Tick, reduce to 2. 13, tick, 2
2 +9=11. Tick, reduce to 0. 11, tick, O
0+8=8. 8

8 + 6 = 14. Tick, reduce to 3. 14, tick, 3
3+4=7. 7

7 + 8 = 15. Tick, reduce to 4. 15, tick, 4
4 +6=10. 10

10 + 5 = 15. Tick, reduce to 4. 15, tick, 4
4 +8=12. Tick, reduce to 1. 12, tick, 1
1+7=8. 8

8 + 5 =13. Tick, reduce to 2. 13, tick, 2
2+9=11. Tick, reduce to 0. 11, tick, O
0+7="7. 7

Total Column B:

7 + 21 ticks + 20 right ticks = 48. 28, 48. 8, carry 4
Write 8, carry 4.

Total Column A: 4,25

4 + 21 right ticks = 25. Write 25.

Final sum = 2580
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To add Column C the traditional way, you must c&38y In our system, you only carried
3. If you had added Column B to that 23 you carsrigdthe time you reached the bottom
of the second column, you would need to add as &sgR58. For our system, we carried
4. Why handle so much extra baggage when you c&e tifa simple with this system?
The baggage is especially difficult for small chdd. They will feel much more
confident about math when they can be successfinisbeginning level. We owe it to
our children to change our basic math paradigm.

People still make mistakes, even if they are singpiiering numbers into a calculator or
computer. It is a good idea to check your workydti can find such errors, you will be
ahead of the game.

Now let’s learn a fast and simple way to check yaxdulition for accuracy.
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Checking your work

A B C D Toillustrate how to check the accuracy of an addiproblem, we will
5 2 3 use example 5. As before, we will work with oneutoh at a time to
6 4 -8 find a check-sum for that column.
9 5 2
'6 3 1 First, cross out all number combinations that galdounine (9). (This is
4 3 3 the “casting out nines” technique | mentioned ealiin column D,
2 1 1 thatwould be the 8 and the one (1). Now add theaneing numbers: 3
2 7 5 4 +2=5.Putthat number below the column.

For column C, numbers that add to 9 are 4 and 5cies them out. Adding the others,
weget2+3=5.

For column B, only the number 9 gets crossed odtlidg 5 + 6 + 6, we get 17. But here
we do another step. We add the tens digit (1) eauthits digit (7) for a single digit result,
and write the sum, 8, under that column. We sugtestyou “reduce” to a single digit as
you go. It works like this: 5 + 6 = 11. Reduce (1#0 2.2 + 6 = 8.

The numbers under the columns are now 8, 5 and 5.

Using the work area, we clone the tick line totgetfollowing:

A B Cc D Then we add the columns to get the total. The totakach column
should match the column total of the problem: &n# 5. If one column

does not match, that is the column with the erfmu only need to
correct that column in the problem.

Finally, we are going to get a check-sum for th& @&d the problem
sum, 2754, by adding across and reducing to aesidigfit as we go.
We'll start with the 855.

ooINN B
gk = Ww
ajrFr L w

8 +5=13. Reducing, 1 + 3=4. 4 + 5 = 9. Ouraghsum digit is 9. This is to show you
that either way will work, but reducing as we ge#sier, especially for long columns. So
we’ll do it over to show you the check-sum willlistie the same number.

8 +5=13.13 + 5=18. Then reducing to a siwuljggt, 1 + 8 = 9.

Now for some real magic. Do the same thing forsitne of the problem, 2754.

2 + 7 = 9. Casting out those two numbers, we havels 9. Same check-sum.
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Example 5 is correct. If any of these check-sunts i@t matched, the error would have
been in the column without the match. When you makearror using this system, you
need only to correct the column with the error.

For a review, consider what we have accomplished.

1. First and foremost, you or your student can quicditieve success. For a child, that
means a boost in self-esteem and a confidences ialdility to solve problems.

We have an easy, quick way to add columns of nusnib@mng or short.

We have an easy way to check our addition to makeisis correct.

We have an easy, one-column fix if we find an error

Last, and perhaps most important, we have a wéyiri about adding. It will permit
you to gradually do more and more basic math irr ymaad and amaze your friends
who don’t know this system.

abkwn

At this point, you should practice doing problenisaddition. With practice, you should
be able to do any long addition problem in the tittakes someone to enter the numbers
into a computer or calculator.

Subtraction, multiplication and division are alsas to learn and fast to do. We will
learn how to do subtraction next.
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Subtraction

RULE: Changing both numbers by the same amount (+will-hot change the answer.

HINT: The idea is to round the bottom number up or daweven 10’s, 100’s or 1000'’s,
until you have nothing but zero to subtract.

Again, we will begin with some very elementary gesbs to illustrate how the rule
works. It is critical that you learn to do thisst@ your mind before we go forward with
more difficult subtraction problems, because evexgmple (and most problems) will
require you to perform this step.

Example 1
1 4 Ifweadd 2 toboth numbers,weget: 1 4 + 2 = 16
-8 8 + 2 = -1 0
6 6

Example 2
4 7 Ifwe add 1to both numbers, we get: 4 7 + 1 = 4 8
2 9 2 9 + 1 = -3 0
1 8 18

Example 3

For this example, we will round the bottom numbeeaond time. First to the nearest
tens, then to the nearest 100’s..

1 3 6
5 7 1 36+ 3= 1 309
6 9 -6 7 + 3 = -7 0
139 + 30 = 1 6 9
7 0 + 3 0 = -1 00
6 9

You could do larger problems by repeating thegessteany times, but there is an easier
and quicker way to subtract large numbers. Justdayp each column to the nearest 10.
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Using the technique of rounding up and the ticke we learned for doing long addition,
we can easily subtract one large number from anaihe get the answer very fast.

First we learn the rules with a few examples. Tivenwill train you how to think as you
attack a problem. Soon you will be able to do sudblems in your head and just put the
correct answer on paper.
RULES:
We work from right to left, as we did in additioroplems.
1. If there is a borrow, start by reducing the top bemby one.
2. Subtract the column. If the bottom number is higher
a. Round the bottom number up to 10.
b. Add the same amount to the top number.
c. Subtract and mark a tick on the left column for oerow.
3. Write the answer and go to the next columiéoleft.
Example 1

B A ColumnA

9 2 4islargerthan 2. Rounditupto 10. 4 + 6 = 10.
-3 4 Add 6 to the top number also: 2 + 6 = 8. Write testhe answer for column A.

8 Put atick with the 2, because we “borrowed” a nemb
HINT: Each time you round up to 10, the sum at the topbar is also the answer.

2 —4isreally 12 — 4. That's why we borrow onanfrthe next column to the left.
When we add 6 to both numbers, we get 18 — 10, or 8

Other examples:

13 + 3 = 16 15 + 1 = 16 11 + 6 = 17
7 + 3 = -10 9 + 1 = -10 4+ 6 = -10
6 6 7

B A ColumnB

"2 Begin by reducing 9 to 8 because of the tick wedyed from column A.
4 8

9
-3 — 3 =5. This is the answer for column B.

5 8
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Now let’s look at some more complicated problemsll\Wbnce they were very
complicated. Now they are very easy.

Example 2
A B C D ColumnD
1 4 2 "3 Round6 upto 10 by adding 4.
7 9 6 Think:tick3+4=7.
7
A B C D ColumnC
1 4 2 '3 Reduce 2to 1 for the tick (borrow) at column D.
7 9 6 Round9to 10 by adding 1.
2 7 Think:tick,1+1=2.
A B C D ColumnB
1 4 2 '3 Reduce4to3andround 7 upto 10 by adding 3.
7 9 6 Think:tick, 3+ 3 =6.
6 2 7
A B C D ColumnA
1 4 2 '3 Reduce 1to 0. Nothing to subtract now, so wemeshed.
7 9 6
6 2 7

Got the idea? Let's try a larger problem. No nahés time, just the problem the way it
would appear on your paper when you do all theutafions in your head.
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Example 3

This looks hard, doesn’t it? Just read left tdrignd follow the rules; you'll do fine.

4 2 348592173

8 34257584 7

8 59217 3
2 57584 7

4
4

2 3
8 3

4

\Oo_/

— O

N~ <

N O

o N~
o o
0 N
< <
o m
(Ve o)

8 592 173
2 575 847

4
4

2 3
8 3

4

6 3 2 6

2

\007

~ <t
— 0O

N L0

o~
TolTe!
0 N
< <
Mmm
N ©

‘007

~ <t

~ 0o

N0

o N~
o 1
0 N
< <
Mo m
AN O

01 6 3 2 6

1 6 3 2 6

4 234859 2173

4 2 34859 2173

8 34257 5 84 7

8 34257 5 84 7

06 01 6 3 2 6

6 01 6 3 2 6

4 234859 2173

4 2 34859 21773

8 34257 5 84 7

8 34257 5 84 7

4 006 01 6 3 2 6

006 01 6 3 2 6

2 17 '3 This
5 8 4 7

3 400601 6 32 6

N co

problem is too long for a calculator. It is
even difficult for a computer. But it is easy for

you to do, isn't it?

o N~
n w
0 N
< <
oo m
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Multiplication

The process of multiplication will require thre@as on your work paper. First is the area
where you will present the problem. We will agaiegln with an easy problem and
progress to more difficult ones, to make it easgresp the rules.

To help us visualize our problem and its processwil be using a single line display.
The multiplicand is shown first, then an “x” to sify the multiplication operation, then
the multiplier. Below are two examples, one witlotdigits in each and one with three
digits in each.

O w
(N
> -
W N
O w
od
m o
T o

1 2
A B

The second area will be an answer space. Resem@uann for each digit of the
multiplicand and each digit of the multiplier. lhet first sample above, we would have
four columns for the answer. In the second samyeneed six columns.

The answer area will have three rows for figurese Tirst
row we will call “ones.” It will hold the unit amaus from

RO : A B CD
the process of multiplication. The second row wé eall

“ " - . . Ones
tens.” It will be used if a product requires uscirry a tens Tens
digit to the next column. The third row is where pu our Answer

final answer. To begin, we will name the rows. latehen
you know what each row represents, the names willl b
dropped, along with the letters that identify cohan

The answer area should be just below the area wioer@resent your problem. That will
leave the area to the right and at the bottomefptge for your workspace.

The workspace is special because when you areinganow to perform multiplication,
you will write out each step of the process. Ladsryou become better able to follow the
procedure without this help, some of the workspaikenot be needed. Eventually our
goal is to do everything in our head that is novittem out in the workspace. To make
this happen, though, you must be careful during #airly stage to learn the best way to
think about the process. It is the thinking pasttill make you work faster and more
accurately.

Are you ready to begin? Let's work with a two-dignultiplicand and a two-digit
multiplier until you understand the rules.

Example 1
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3 4  Present your problem and set up your answer arkavktae
C D problem display.

>
W N

Our problem area and our answer area will highlitet
A B CD portion of the problem we are working on, to helpuy
Ones 8 become familiar with the process. The simplest teagtate
Tens the rule for multiplication is this:
Answer 1. Right
2. Outside to Inside and Add
3. Left.

We will explain what this means as we perform sexamples.

The first rule is multiply right. That means theidion the right of the multiplicand must
be multiplied with the digit on the right of the thplier. The numbers in red above show
that column B is multiplied with column D. Thesedhe rightmost numbers.

Our workspace shows: 2 x 4 = 8. In your answea,apait an 8 on the ones line of
column D.

The next rule is multiply from outside to insidedasdd. We are going to shift our focus
to column A and place a bracket to show that colnrepresents the outside of the
multiplicand and column D represents the outsidégnefmultiplier.

Multiply the two outside numbers (A and D)

1 2 X 3 4 _

A B c D 1x4=4

1 2 x 3 4 Multiply the two inside numbers (B and C).
A B C D 2x3=6

Add the products. 4 + 6 = 10. Our workspace shtndd like

this: 1 x 4 = 4
2 x 3 = 6
10
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When we put this sum (10) in the answer area, Wepat the zero (0) in the ones line
under column C. This time we have a one (1) toycd@ut that in column C, on the “tens”
line. Now your answer area will look like this:

A B C D
Ones 0 8
Tens 1
Answer

1 2 X 3 4 The last step is to multiply the numbers on the &lumns A
A B C D andC

1 x 3 = 3. Put this answer in the next ones columthe
A B CD left, column B.
Ones 3 0 8
Tens 1 In some cases, as here, we will not need columbedause
Answer all of our multiplication is finished.

The final step is to add the ones and the tensramdufor our answer

A B C D
Ones 3 0 8
Tens 1
Answer 4 0 8

On paper, your problem should look like this. Howain of the workspace could you do
in your head? Even at this stage, you may be alde it all in your head.

1 2 X 3 4
A B C D
Right 2 x 4 = 8
A B CD Outside 1 x 4 = 4
Ones 3 0 8 Inside 2 x 3 = +6
Tens 1 Add 1 0
Answer 4 0 8
Left 3 x 1 = 3
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Example 2

One step at a time, the highlights will guide ybrotigh the process.

A B C D
7 6

3 X 4 Right 3 X 4 = 1 2
Outside
E F G H Inside
Ones 2 Add
Tens 1
Answer Left
A B C D
7 3 X 6 4 Right 3 X 4 = 1 2
7 3 x 6 4
Outside 7 X 4 = 2 8
E F GH Inside 3 X 6 = 1 8
Ones 2 Add
Tens 1
Answer Left
A B C D
7 3 X 6 4 Right 3 X 4 =1 2
Outside 7 X 4 = 2 8
Inside 3 X 6 = 1 '8
Add 3 5
E F G H 1
Ones 6 2 4 6
Tens 4 1
Answer Left
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3 X 4 Right 3
Outside 7
Inside 3
Add
E F G H
Ones 2 6 2
Tens 4 4 1
Answer 4 6 7 2 Left 7

The completed problem should look like this on pape

3 X 4 Right 3
Outside 7
Inside 3
Add
E F G H
Ones 2 6 2
Tens 4 4 1
Answer 4 6 7 2 Left 7

34
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As we add more digits to either the multiplicandtloe multiplier, the process expands
also. We still start with the right side and endhwihe left side, but the second rule
expands to accommodate the new digits. Before wldea full-scale process, let's look
at how rule number two changes with each additidigat to handle.

At this point, we will also drop the column desigjoas. To help us keep track of where
we are in the process, we will place a mark abawestarting point for each step. It is
easy to follow for up to four digits. Beyond fougis, we will need the mark for sure.

Three digits, step 2:

* * | | *

1 23 x 456 1 2 3 X 4 6
* * *
123 x 456|123 x 4 6

*

*

123 x 456

The first section of step 2 is just like multiplginwo-digit problems outside to inside.
We would do 2 x 6 =12, and 3 x 5 = 15, then adé- 1% = 27. The last section of step 2
is also the same as multiplying two-digit problemagside to inside. In this case, it would
belx5=5,2x4=8, and adding 8 + 5=13.

Notice that each number of the multiplicand muesnultiplied with each number of the
multiplier. When we have just two more digits toltiply, we must perform 7 sections in
step two instead of two. The rules are the same,thhe process does get more
complicated, so it is very important to keep tra€lour positions by marking the outside
numbers at each step.

Here, the second part of step two requires usak & the 1 and the 6 as outside numbers
for three digits. Our answer will multiply outsidé x 6 = 6) middle (2 x 5 = 10) and
inside (3 x 4 = 12)—hence “outside to inside.” Auglié + 10 + 12 = 28, the sum goes in
the ones and tens columns of the answer.

Before we do more problems, let's see how stepwuiks when we add just one more
digit to the multiplicand and one more to the npliér.
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Four digits, step 2:

2A = 2 digits 2B = 3 digits
* * * *
1234 x 5678 1234 x 5678
* * * *
1234 x 5678 1234 x 56 78
* *
1234 x 5678

2C = 4 digits
*
1234 x 5678 2D = 3 digits
* * *
1234 x 5678 1234 x 5678

*

2E = 2 digits
* *
1234 x 56 7 8 We added two more digits to the problem and now
we have 14 sections to complete. Just remember that
* * each section in step two follows the same rule:
1 234 x 5 6 7 8| Multiplyfromoutside to inside, then add.

Because adding digits to our multiplicand and owttiplier also adds extra sections to
step 2, you will need much more working space tomgete one problem. It is important
to remember where you are, and also to organize ywmrkspace. The following
problems, with three, four and five digits to mpilyi, show one way to organize your
workspace.

The entire workspace should not be required, ewem #f you can multiply 2 x 5, for
instance, and put 10 in the list of numbers to deed, you do not need to display the
multiplicand and multiplier in your workspace. Theach section of step 2, for instance,
would have from 2 to 5 numbers to add.
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Example 3

We have displayed the problem five times, one frhesection. Your problem would
only need to display it once. As you perform eagttisn and move to the next, you can
erase the previous mark or leave it. Either wayw yall know what is the outside
numbers you are currently multiplying.

Also note that when you reach the left digit of thaltiplicand, then your mark stays at
that digit and you move the mark on the outsidet dijthe multiplier until both marks
are at the left side. Then you perform the lefttiplication to complete the problem.

* *
325 x 46 8 Right 5x 8 =4 0
* * 2A Outside 2 x 8 = 1 6
Inside 5x 6 =3 0
Add 4 6
* * 2B Outside 3 x 8 = 2 4
2 X 6 =1 2
Inside 5x 4 = 2 0
Add 5 6
* * .
2C Outside 3 x 6 = 1 8
Inside 2 x 4 = '8
Add 5
1
2 6
* *
Left 3 x 4 =1 2
Ones 2 6 6 6 O
Tens 1 2 5 4 4
(Add) 1 4 0 0 0 O
1 1
Answer 1 5 2 1 0 O
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For the previous problem, could you perform thetmplitation steps in your mind and
write only the products in your workspace? On ta& below is the workspace we
actually used. On the right is how it would lookydu could multiply in your head the
first parts of the problem.

Right 5x 8 =4 0 Right 4 0

2A Outside 2 x 8 = 1 6 2A 1 6
Inside 5x 6 = 3 0 3 0
Add 4 6 4 6

2B Outside 3 x 8 = 2 4 2B 2 4
2 X 6 =1 2 1 2

Inside 5x 4 =2 0 2 0
Add 5 6 5 6
2C Outside3 x 6 = 1 8 2C 1 8
Inside 2 x 4 = '8 '8
Add 5 5

1 1

2 6 2 6

Left 3 x 4 =1 2 Left 1 2

You could save some space by arranging your wagk awith columns of addition as
shown below, from right to left below. For our neptoblem, we will display our
workspace in this manner.

R 2A 2B 2C L
4 0 1 6 2 4 1 8 1 2
3 0 1 2 '8
4 6 2 0 5
5 6 1
4 6 2 6
5 6
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Example 4

Ones 8 4 2 4 3 8 5
Tens 4°4 '8 6 4 3
(Add) 4 1 1 8 8 6 8 5
1 1
Answer 5 3 2 8 8 6 8 5
R 2A 2B 2C 2D 2E L
5 3 5 2 0 3 0 1 8 1 2 4 8
3 2 1 1 2 '8 3 2
3 8 2 1 4 5 6 4 4
4 3 '8 6 O
3 8 5 3 2 4 4
4 3 1 8 2
6 4

After you have mastered this form of workspace ldigpthe next challenge is to also do
the addition in your head. This requires you toesrher more steps. In 2C, for instance,
you would perform in your head 6 x 5 = 30, rememB@r4 x 3 = 12, 30 + 12 = 42,
remember 42; 7 x 2 =14, 42 + 14 = 56, remembenB@;1 x 8 =8, 56 + 8 = 64. Put 4 in
the ones line and 6 in the tens line below anthédeft. As soon as you can do this much
in your head, you can omit the entire workspace.

Here’s a challenge for you. Children who learn Twachtenberg system can multiply
problems such as the one below in 70 secondéth practice, you can also accomplish
this feat. The answer will have 22 digits, too mdoiyyour calculator, but not for you.
The largest portion of step 2 will contain 10 prouto add, so you will probably want to
use a workspace to ensure accuracy.

5132437201 x 352736502785

Work your way up to this problem by making up yown for drills.

" “The Trachtenberg Speed System of Basic Mathematics,” translateadapted by Ann Cutler and
Rudolph McShane. 1960. Doubleday & Company, Inc., Garden iéw York. p. 7.
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Division

Whether you realize it or not, the standard wapeforming long division requires you
to guess along the way until you find something tharks. This new system is not only
easier, it discards the guessing part. The rules@mewhat complicated, but the process
is just as easy as adding, subtracting and muitiglyT hat is because, except for dividing
small numbers, the rest of the process involvesngddubtracting and multiplying. |
have tried to place the workspaces in an ordedkiém to guide you through the process.
As before, the workspaces will eventually be transfd to your mind and disappear from
view as “steps” in the process, leaving only thebfgm and the answer on display.

Let's look at a typical long division problem andeav variations to see how the rules
will work.

884 /34 =yy R zz. We will fill in the slots ma#t “y” with the answer and “z” with the
remainder. The remainder is what is left after \marmt evenly divide any further. For
now, the remainder will be a number that does mgear on your calculator because
remainders are not included in the decimal system aalculator. We will learn how to
do that later.

Example 1
884 [/ 34 =

1. Divide by the fewest numbers. In this case fitts¢ digit of the dividend (884) can be
diyided by the first digit of the divisor (3). 8/= 6 with 2 as the remainder. Write it like
e 8 /| 3=2 R 2
The result (2) becomes the first digit of the answe

884 [/ 34 = 2
2. Multiply the first digit of the answer (2) by whremains of the divisor, (4).

8 [/ 3 =

3. Combine the remainder (2) with the next numbemfthe dividend (8). Subtract the
product of step 2 (8) from this new number.
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Using this new dividend (20), repeat from step ¢Ieuntil we have reached the limit of
the answer (in this case, two digits).

1. Divide 20 by 3. The result becomes the secagitl @f the answer.

8 8 4 |/ 3 4 = 2 6 R 0
8 / 3 = 2 R 2 2 8
X 4 - 8
8 20
2 0/ 3 = 6 R 2

3. Combine the remainder (2) with the next numibemfthe dividend (4). Subtract the
product of step 2 (24) from this new number.

884 | 34 = 26

B

N
N
o

Because there are no more digits allowed for tlssvan this subtraction process gives us
the remainder from the problem, a zero (0).

884 |/ 34 = 26 R 0

These steps may seem complicated at first, but bsking with small nhumbers and
breaking down the problem into steps you can lgardo in your head, the process
becomes easy and fast.

Long division may seem to be a long process whansge that it took two pages to
demonstrate. We have presented the same informsgiogral times. When we show the
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problem as it would appear on your paper, it wilit itbe as complex. In addition,
remember that whatever you can do in your headdistppear from the workspace on
paper as you gain accuracy and speed with pradtiee steps shown here will train you
to think so you can eventually perform most oroélihe workspace in your head.

Problem, with answer:

884 |/ 34 = 26 R 0
Workspace:

08 [/ 3= 2 R 2 2 8

X 4 - 8

8 20

2 0 [/ 3 = 6 R 2 2 4

X 4 -2 4

Now let’'s look at some minor variations of this saproblem. They will help you to
understand how the process works a little bettariations will also expose the only
exception to the rules we have described. In tHevWiiing examples, only those portions
that differ from example 1 will be highlighted iad.

Variation A

Problem, with answer:

885 [/ 34 = 26 R 1
Workspace:

o8 [/ 3= 2 R 2 2 8

x__ 4 -__ 8

8 20

20 [/ 3 = 6 R 2 2 5

X 4 -2 4

2 4 1
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Variation B

Problem, with answer:

890 [/ 34 = 27

Workspace:
8 | 3 = 2 R 2 2 9
X 4 - 8
8 2 1
21 [ 3 = 7 R 0 00 3 4
X 4 - 28 - 28
2 8 6

When we have a product that is too large to subtree must borrow one from our
answer—in this case, from 7—and subtract our prbftom the entire divisor (34). 34 —
28 = 6, our remainder. Our adjusted answer bec@®@sstead of 27.
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Example 2

Now that we have learned all the rules and theexgeption, it is time to try a few more
problems, to see how you do. This example woulchldeard problem to perform the
standard way. See how simple it becomes now!

Problem, with answer:

1 3209 / 13 = 102 R 3
Workspace:

1 / 1 = 1 R 0 0 3
X 3 - 3

3 0

0 / 1 = 0 R 0 0 2
X 3 - 0

0 2

2 / 1 = 2 R 0 09
X 3 - 6

6 3

Compare this to the way you were taught in school:

R 3

NO

2
9

W W

13) 1
1

o
NN Oo N
wCDLO

There are similarities in the two processes thatmyay recognize. Our goal, however, is
to develop a process that permits us to perfornptbblem in our head, using very easy
steps. Once a child is successful with easy prahlehre develops a sense of
accomplishment and self-respect. When he learndiffewult problems can be handled

by breaking them down into simpler steps, he idinglto accept greater challenges.
Nothing is impossible for him because everythinguslt upon simple parts, repeated
over and over. It becomes fun to do math. Are yawirig fun yet?
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Example 3

Problem, with answer:

8 3 8 4

Workspace:

8 / 3
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Example 4

Problem, with answer:

4 7 95 35 / 6 3 = 7 6 11 R 4 2
Workspace:

4 7 / 6 = 7 R 5 59
X 3 - 21
21 38
3 8 / 6 = 6 R 2 2 *5
X 3 -1 8
18 7
7 / 6 = 1 R 1 13
X 3 - 3
3 10
10 / 6 = 1 R 4 4 5
X 3 - 3
3 4 2

They just don’t seem to get any harder, do theydifdind an exception—but only one.
We have removed all of the guesswork and the lawg®abers out of the process of
solving a long division problem. There are someealdcbmplexities ahead when we have
divisors with more digits, but the process itselfl iollow these same rules. Become
familiar with these rules and memorize your workgpas soon as possible.

When you practice doing problems in your head, gdndo them again on paper, to see
how well you are remembering details. Don’t woifryou forget some steps at first. This
is part of the learning curve. By checking your kvon paper, you will find where your
mistakes happen most often and you can focus yady ®n those areas to correct them
before they become bad habits.
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Example 5

Problem, with answer:

1 90 4 / 3 4 = 6 6

Workspace:
19 / 3 = 6 R 1 10 4 4
X 4 + 3 4 - 2 4
2 4 4 4 20
2 0 / 3 = 6 R 2 2 4
X 4 - 24
2 4 0

The next examples have partial answers that t@abrlll. They are easy to handle,
however, because they do not cross to the nextreolhs we did in addition, subtraction
and multiplication. When you encounter a dividerddl® or 11, put it into the single

column where you will be working next. In every eagou will be subtracting enough
times to reach 9 or below, a single digit. So thameble digit figures are only temporary
and they are never carried across to a neighboghgnn.
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Example 6

Problem, with answer:
9 32 7 4 / 4 7 = 2 11 9

-1 -2 -1
1 9 8 4 R 2 6

Workspace:
9 / 4 = 2 R 1 13 6 0
X I + 4 7 - 14
14 6 0 4 6
6 / 4 = 11 R 2 2 2 6 9 1 *1 *6
X 7 + 4 7 + 4 7 - 7 7
77 6 9 11 6 3 9
9 / 4 = 9 R 3 3 7 8 4
X 7 + 4 7 - 6 3
6 3 8 4 2 1
1 / 4 = 5 R 1 1 4 6 *1
X 7 + 4 7 -3 5
35 6 1 2 6

Three of the four sections of our workspace requéréo reduce the quotient. Section two
requires us to reduce 11 twice, down to 9, addmegdivisor (47) until we have a sum
larger than the 77 we need to subtract.

What changes when we divide by more than two dighs you might expect, the process

becomes more complex. The good news is, there aneew rules. You only need to
apply rules that you learned earlier in additiarhtsaction and multiplication.
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Example 7

Problem, with answer:

4 6 52 3 / 2 31 = 2 01 R 9 2
Workspace:
4 / 2 = 2 R 0 0 6
- 6
31 x 02 = 0 6 0
+ 0
06
0 / 2 = 0 R 0 05
- 2
31 x 20 = 0 3
+ 0 2
02
3 / 2 = 1 R 1 12 3
- 31
31x 01 3 0 30 9 2
31 x 10 + 0 + 1+ 1
3 1 31

You still divide by one digit of the divisor and itiply by the others—in this case, 31.
And you don’t bring in new digits all at once, om#at you need. Remember to reserve
space in your answer for the number of digits yawehin your entire divisor.

We only get one digit of the answer at a time. Bt&p two of your multiplication rules,
(outside to inside and add) but multiply only tretpof the answer you know. In section
one, we know the first digit of our answer is 2.INply (rule two only!) 02 x 31. Section
two gives us 20 x 31. Section three gives the filigit, 01 x 31.

In section three, the first multiplication gives the tens digit of our answer (3). Put a

zero in the ones digit. Use rule three and finisthwhe left side. Add (30 + 1) for a
working total. Subtract 31 from the divisor to fitite remainder.
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Example 8

Problem, with answer:

344858 / 5 3 8 = 6 51

Workspace:
4 / 5 = 6 R 4 4 4
- 18
38 x 06 18 2 6
+ 0
18
6 / 5 = 5 R 1 1 8 7 *1
+5 3 - 6 3
3 8x 65 15 7 1 8
+ 4 8
6 3
8 / 5 = 1 R 3 358
-3 5 8
3 8x 41 3 8x 10 0
3 0 350
+ 3 2 + 8 + 0 8
35 8 358

To keep the workspace orderly when you multiplycevin a section, put the additions
below their corresponding multiplications. Whenréhés only one multiplication in a
section, you save space by putting the additigdhe@aight, as shown above.

The next pages feature more examples, some withdigit divisors. Again, these would

be very difficult with any other math, but we makeo easy for you, your workspace
could soon disappear.
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Example 9

Problem, with answer:

1 3 3

4 8 2 6

/

6 3 87 39

1 7 0 7

2

Workspace:

0 8

8 26 x 001

007

08

2 4

8 2 6 x 013

@ ©
™M N
~ 9

o <

5 56 5

8 2 6 x 33 O

6

8 26 x1 3 3

o o
o<

© N

(e}

—

1

+

8 26 x 3 00

3 8 58
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Example 10

Problem, with answer:

56 2876 51 / 8 37109 =

6 7 2 R 2 8 48 3

Workspace:
5 6 / 8 = 7 R 0 0 2 8 5
+8 3 - 21
85 6 4
37109 X 0007 = 21
6 4 / 8 = 8 R 0 0 8 9 *1
+8 3 - 6 6
37109 X 0 06 8 2 4 9 1 2 5
+ 4 2
6 6
2 5 / 8 = 3 R 1 1 7 6 5 1
+ 8 3 7 1 9
37 109 X 0O 6 7 3 1 *0 *1 *3 *7 *0
- 7 2 8 8 7
37 109 X 6 7 30 2 8 4 8 3
37 109 X 7 300
37 109 X 3 000
9 0 0 0 6 4 0 0 O
+ 4 79 + 2 1 + 0 + 0 + '8 2 0 O
+ 6 + 7 + 3 + 0 + 6 6 0
+ 0 + 5 4 + 6 3 + 2 7 + 2 7
6 4 8 2 6 6 2 7 7 2 8 8 7

NOTE: First answer (7) multiplied in section one.skection 2, we know it was reduced,
so we now multiply 68. For the third section, we 633, since we had reduced the 8.
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Division is the last process in our study. We havesented simple rules for addition,
subtraction, multiplication and division. At thisipt, if you have not done so, you should
create problems of your own and solve them. Dsilvhat will make you successful in
basic math, regardless of which rules you learr. fTites you learned here, however, will
make it possible to do much more of each problegyoiur head instead of on paper. This
will eventually save much time, because when youperform portions in your mind, it
will be much faster that writing it on paper. Thuesy large problems can be done with a
minimum amount of writing, and the final solutioagpens very fast.

How will you know when you have “arrived”? What be your clue that you are a
math whiz?

If you can solve one of these problems nearly asifayour head as someone who is
entering the numbers into a calculator for the amswou have “arrived.” People who
cannot do what you can do will be amazed and @alla “human calculator.” You and |
will know the secret to your success. They will Wwnaoo, if we tell them. But until then,
they will think of you as a mental giant.

| like that feeling. Would you like to have thaip®
Soon | hope to add a computer application that pritlvide random drill exercises and

track how much time it takes you to solve a probldReturn now and then to
www.xtreme-ed.conto find out when that application will be released

If you are already familiar with math, and you’'tesj trying to improve your ability, I'd
like to propose a challenge. If you'd like, keepck of your progress and send me a
report.

Before you begin serious study of this processatereome sample problems. Make them
difficult enough to be interesting. Do at least @i@blems in addition, another 10 in
subtraction, etc. Create more if you wish, but gbould do all the addition problems in
one sitting. Keep track of your start and finisimeés. Take a break between addition,
subtraction, multiplication and division, even dwdo all the problems in one day.

After you are confident that you have improved bgpleed and accuracy, do these same
problems again using these rules, again keepicg ththe start and end times. Then let
me know 1) how many hours of study you put in tavarat this point, 2) the amount of
improvement in speed and 3) how you feel about yamurk thus far. In fact, | would like

to know what your profession is, and how you usthiaetic in your daily life, if you
don’t mind telling me.

Now drill, drill, drill. After you know the rulesthat’'s what it will take to increase your
speed and improve your mental prowess.
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